Let G and Γ be groups acting on sets X and Ψ, respectively. We give explicit formulas for a series of group multiplications on the cartesian product Γ X ×G together with actions on the set of functions Ψ X . These structures form an infinite family of extensions of G by Γ X parametrized by two integers m ∈ {0, 1} and k ∈ Z. In this family, the standard direct and wreath products correspond to the pairs (m, k) = (0, 0) and (m, k) = (1, −1), respectively.
Preliminaries
The basic elements of gauge theories -the most successful up-to-date physical theories [1] include:
• A set X -"space" or "space-time".
• A group G acting on X -"space-time symmetries". This group is responsible for gravity in some gauge theories.
• A set Ψ of local states, i.e., physical values at points x ∈ X. States of the whole system are functions ψ(x) ∈ Ψ X . • A group Γ acting on Ψ -"internal symmetries" responsible for physical interactions. In gauge theories this group is considered locally, i.e., its elements form functions γ(x) ∈ Γ X .
It is natural to ask how the groups Γ X and G can be combined into a single group W.
In what follows we use notations
We write group actions on the right everywhere.
1. In physics, it is usually assumed that space-time and internal symmetries are independent, i.e., W is the direct product Γ X ×G with multiplication rule
2. Another standard construction [2] is the wreath product Γ ≀ X G having a structure of the semidirect product Γ X ⋊G with multiplication
3. One more multiplication -we call it invariant multiplication -
also provides the cartesian product Γ X ×G with the structure of group extension. This multiplication has clear "physical" meaning. Interpreting a, b ∈ G as "coordinate frames" for the set X we go to the common coordinate system, perform multiplication and finally go to the coordinate frame associated with the product ab:
(α (x), a)
The following statement generalizes the above examples.
There is two-parameter infinite family of group multiplications providing the cartesian product Γ X ×G with the structure of extension of G by Γ X . Main group operations are
Multiplication:
Inverse element:
Parameter m takes two values: m ∈ {0, 1}. Parameter k is arbitrary integer: k ∈ Z.
Note that the above direct (1), wreath (2) and invariant (3) multiplications correspond to the pairs of parameters (m, k) = (0, 0), (m, k) = (1, −1) and (m, k) = (0, 1), respectively.
The proof is straightforward. Let us write group action in the form
and multiplication in the form
where µ(a), κ(a), L(a, b), R(a, b) are G-valued functions with arbitrary arguments a, b ∈ G. Let us take µ(a) = a −m , κ(a) = a k with integer m and k. Substitution of (7) and (8) into the group action axiom (ψ(x)u) v = ψ(x) (uv) leads to relations
Relation (9) considered as equation for m with arbitrary a and b has only two solutions m = 0 and m = 1. This leads immediately to expressions for L(a, b) and R(a, b)
Substitution of (12) and (13) expressing associativity of multiplication (8) confirms that our multiplication is really group multiplication.
